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Let 8 > 1. It is well known that every z € [0, |3]/(8 — 1)] has a (-expansion of the
form z = Y777, 8,8~ F with &; € {0,1,...,[3]}, where | 3] denotes the largest integer
not exceeding (3. Let X3(x) and X3 , () denote the sets of all 3-expansions of x and
the set of n-prefixes of all 3-expansions of x, respectively. We show that #Xg(z) =
2% dimpy Sg(z) > 0 and limp—oo %log #X3.n(x) > 0 are equivalent under a certain
finiteness condition.
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1. Introduction

Let 8 > 1 be a non-integer. We consider expansions of = € Jz := [0, |3]/(8 —1)] of
the form

o0

fC:Z% with 6; € {0,1,..., 5]},

i=1
where | 3] denotes the largest integer not exceeding 8. The infinite sequence (8;)52,
is called a S-expansion of x. We write (J;) instead of (d;)$2, for simplicity, except
when we want to emphasize the first digit of (J;). The study of expansions in
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non-integer bases were pioneered by the papers of Rényi [20] and Parry [19]. Let
Y3(x) denote the set of all -expansions of z and X, () the set of n-prefixes of
all J-expansions of z, i.e.

{ 6{071,...,Lm}N;x:25i5Z},
i=1
Ypn(x) ={(e:)i=y €{0,1,...,[B]}" : there exists

(5i)ﬁn+1 € {0,1,...,|0] }N such that (¢;) € Xg(z)}.

The set () plays an important role in the investigation of representations for real
numbers in non-integer bases. In the past two decades the set U of all such g > 1 for
which #X3(1) = 1 has been widely investigated and numerous interesting results
have been obtained (see [1, 7-10, 13-15] and references therein). Here and hereafter
#A denotes the cardinality of a set A. Recently, the Hausdorff dimension of the set
of all points belonging to .Jz which have a unique (-expansion was calculated in
(16, 17, 24].

On the other hand, the cardinality of the set ¥g(x) also has received a lot
of attention. Glendinning and Sidorov [12] showed that the Komornik—Loreti con-
stant (see [1, 13]) is the critical value which separates the cardinality of set ¥g(x)
being uncountable from countable. It was shown in [10] that each = € Jg has
2% different B-expansions if 3 € (1, (1 + +/5)/2). This result was strengthened in
[6, 21, 22] to get that for any non-integer 3 > 1, almost every x € Jg has 2% dis-
tinct B-expansions. Moveover, some similar results also hold in two dimensions [23].
Recently, Feng and Sidorov [11] showed that for any Pisot number 3 > 1 there has
lim,, o0 %log #X 55 (x) > 0 for almost every x € Jz. Here lim,, .o %log #3355 (x)
is called the growth rate of the set X3 ,(x), provided that the limit exists. The
growth rate was further investigated by Baker (2, 3|. In [3] Baker showed that under
some conditions the growth rate of the set ¥3 () and Hausdorff dimension of the
set Xg(x) are equal and explicitly calculable. In fact, all the quantities #3g(x),
limy, oo = log #¥53.n(2) and dimy Yg(x) reveal the complexity of the set Xg(z). In
this paper we are mainly concerned with the relation among them. We show that
under a certain finiteness condition, the cases of #X5(x) = 2%, dimy (Z5(z)) > 0
and lim, . L log #%5.,(2) > 0 are equivalent.

As one knows the set Jg = [0, |3]/(8 — 1)] can be regarded as the self-similar
set generated by the iterated function system (IFS) {fx(z) = 8~z + k) : k =
0,1,...,|0]}, ie.

13

Js = |J fe(J).
k=0

As usual, a coding mapping IT: {0,1,..., 3]} — Jjs is then defined by

Zﬂl for (6;) € {0,1,..., |8}
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Then we have that II is surjective and for each z € Jg and n € N

Yp(a) =1 (z) and Epgna(x)={(&)|n: (%) € 0 (2)},
where (8;) |n = (§;), is the n prefix of (¢;).

Denote I, = fr(Jg) = [ ﬁ + 6(%1)} and partition the interval Jz = [0, | 3]/
(6 —1)] into switch regions S; and equality regions E; by letting
i 18 i 1} .
Si=Lanl=|=, + ) fori=1,2,...,|8
= | v

and

18]
Ei=I\|J Sk fori=0,1,...,18].
k=1

Thus we have

So one has
Jg=E0U51UE1USQUE2U~-~USWUEL,gJ,

where the union is disjoint and all intervals in the union are lined up in this order
from left to right. In addition

I, =S, UE,USkyr fork=0,1,...,|6],
where we adopt the convention that So = 5|41 = 0. Let Sp = UngJl S;. Let
T,g,k-(l‘) = pfx —k with k=0,1,..., I_ﬁj

Then T3 i (z) € Jg if and only if x € I, = Si U Ex, U Sg41. Note that

Too | D55 | = 2 o = (0)Zs).
=B =P
This implies the following facts (cf. [3, Lemma 1.1; 5, Theorem 2]):

(I) (6,)52, € Xp(x) if and only if Tz 5, 0---0Tp s, (x) € Jg for all n > 1.

(IT) A finite block of sequence (6;)"_; € {0,1,...,|3]}" appears in a [-expansion
of x if and only if there exist finite digits 71,..., 7, from {0,1,...,|3]} such
that T@gn 0---0 ngl o Tﬁﬂ'k 0--:0 T,@,Tl (JZ) S Jﬁ.



Int. J. Number Theory 2016.12:1497-1507. Downloaded from www.worldscientific.com
by EAST CHINA NORMAL UNIVERSITY on 01/05/17. For personal use only.

1500 Y. R. Zou, W. X. Li & J. Lu

For x € Jg and n € N denote
Jon(@) = {Tps, 00 Tps,(2) : (81)32, € Bp(x)}

{Z R (002, € Sp(a >}

and
= |J Jomn(@) with Jso(2) = {z}.
If we use o to denote the left shift on {0,1,..., |3}, then
= J Jsn(@) = [J (o"Sp(x
n=0 n=0
Set

S'g(x) = jg(x) n Sﬁ.

For a finite sequence e € (J;-, 7F we denote by i(e) its initial digit, and by

e the infinite sequence obtained by concatenating e to itself infinite many times.
An infinite sequence (c;)72, of integers is said eventually periodic if there exist
a € |J;Z,Z" and b € ;2| ZF such that (¢;)3°; = ab™. Here Z° consists of empty
sequence.

If Js(z) = U2, Jp.n(z) is finite such that Sz(z) # 0, then § is an algebraic
integer determined by some monic polynomial with integer coefficients. In fact, for
this case one can take two distinct eventually periodic sequences (d;) and (g;) from
Ys(x) with n being the least number such that d; # ¢; then |0, —¢,| = 1. Thus
the following equality leads to such a monic polynomial:

2525

As to the finiteness of J5(z), Bogmér et al. showed in [4] that J(1) is finite if 3
is a Pisot number. Recently, Baker [3] generalized their result and showed for Pisot
number /3, J};(x) is finite if and only if © € Q(3). However, for a non-Pisot algebraic
integer (3 it is possible that jg(x) is finite for some z, e.g., see Examples 3.2 and
3.5. But we have not found a deeper characterization of these xs.

For 8 > 1 and k € N, a function g(y) is said to be (3, k)-type if there exists an
eventually periodic sequence (d;) € Z" such that

=Y " dyy’ with k = min{i : d; # 0} and g(87") =0.
i=1

Obviously, g(y) is well defined for —1 < y < 1. Our main theorem in the present
paper is the following theorem.
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Theorem 1.1. Suppose jg(x) is finite. Then the following statements are
equivalent:

(i) #Zg(x) =2%.

(ii) dimpg Xg(x) = lim, oo %logwﬂ #¥5n(z) > 0.

(iii) There exist a € J,,5010,1,...,[B]}" and b,c € U,~,{0,1,...,[3]}" with
i(b) # i(c) such that ab™, ac™ € Xg(x).

(iv) There exist an eventually periodic sequence (a;) = 01 ...k (041 ... 0k1e)™ €
Yg(z) with k > 0, £ > 1 and a (B,k + 1)-type function g(y) = > oy diy)’
such that (c; —d;)32, € {0,1,..., | B} is of form (cvi — d;)2y = (a; — i)™,
(Okt1 -+ - Opte)™ with m >k + 1.

This paper is arranged as follows. A graph-directed construction will be
described in Sec. 2. The final section is devoted to the proof of Theorem 1.1.

2. Graph-Directed Construction

We make a graph-directed construction G = (V,£) to describe the set X3(z). Let
Js(x) = {v;}r_| with v, = 2. We take {v;}%_ as the vertex set V. For each vertex
pair v;,v; € V we say e € {0,1,...,[0]} a directed edge starting at v; and termi-
nating at v; if T ¢(v;) = vj. Thus each vertex pair v;,v; has at most one directed
edge starting at v; and terminating at v;. And for each vertex v; there exist at least
one and at most two directed edges starting at v;, the later occurs if and only if
v; € 5‘;3(33) The directed edge set £ consists of all such possible directed edges e.
For a directed edge e € £ we use i(e) and t(e) to denote its starting and terminating
vertices, respectively. Note that an edge e indeed is a triple (i(e),e,t(e)). So it is
possible that a digit e may occur in £ many times which stands for distinct edges.

An edge e with i(e) = t(e) is called a self-loop. A finite path on the graph G
is a finite sequence eies...e, of edges from £ such that t(e;) = i(e;jq1) for all
1 < j <n—1. An infinite path on the graph G is an infinite sequence ejes ... of
edges from & such that t(e;) = i(ej11) for all j > 1. A cycle is a finite path that
starts and terminates at the same vertex. The graph G is called strongly connected if
for each pair of vertices v; and v; there is a finite path starting at v; and terminating
at v;.

From the construction of G it follows that each S-expansion of x can be identified
with an infinite path starting at v; on G, i.e.

Ys(x) = {erezez ... |e; € €,i(e1) = v1 and t(e;) =i(ej41) for all j > 1}.
So X5(x) is singleton if and only if Sz(x) = 0.

The incidence matrix A = (a; j)kxk of G is a 0 — 1 matrix such that a; ; = 1 if
and only if there exists an e € £ with i(e) = v; and t(e) = v;.
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We endow {0,1,..., 3|} with the metric d(-,-): for ¢ = (g;),0 = (§;) €
{0,1,..., |8}

d(e. 5) = {(()Lﬂj +1)™™ ife#dandn=min{i: o #e;},

if e = 4.
The following lemma essentially comes from [3, Theorem 5.2].

Lemma 2.1. Suppose that jg(x) is finite. If the graph G associated to jg(x) is
strongly connected, then

lo Ygnlz
dimy Ys(z) = lim 81p)+1 #Xp.n(2)

n— oo n

= log[ﬂJ-Fl )\
where X is the spectral radius of the incidence matriz A = (ai j)kxk of G.

In fact, according to Perron—Frobenius Theorem A is an eigenvalue of A which
has a right eigenvector w whose components are all positive. Let w = (wq, ..., wi)T.
Then for each v; € Jg(x), we have

min; w; max; w;

A" < #Xg 0 (vi) < A" for each n € N.

max; w; min; w;

The desired results can be obtained by a verbatim textual argument in [3].

A subgraph of G = (V,€) is a tuple (V*,E*) where V* CV and &* = {e € £ :
i(e),t(e) € V*}. We say a subgraph (V*,&*) of G is maximal strongly connected if
it is strongly connected and no strongly connected subgraph (V** £**) such that
2 2 V™. Let G be the collection of al} maximal strongly connected subgraphs of
G. We have G # ) by the finiteness of Jg(x).

For a H € G we denote by Ay the incidence matrix and by Ay the spectral
radius of Ay.

Proposition 2.2. Suppose that jg(x) is finite and that G is the graph associated
to Jg(x). Then

lo Ygnlz
dimy Ys(z) = lim 8] +1 # 2.0 (2)

n— oo n

= IOgL5J+1 A

where A is the spectral radius of the incidence matriz A = (ai j)kxk of G.

Proof. First we have

lo Ygnlx
dimpg ¥g(z) < lim Blai+1 #2, (@)

n— oo n

= IOgL5J+1 A

The former inequality can be verified directly and the later equality is from [18,
Theorem 4.4.4].

Now we take H=(V* E*) € G such that Ay =\. Then dimp Ys(x) > dimpy
¥5(y) with y € V*. However we have dimy Y5(y) = log| /11 A% by Lemma 2.1. O
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The following theorem shows the relation between cardinality of ¥s(x) and the
graph G.

Theorem 2.3. Suppose that jg (z) is finite. Let G = (V, &) be the graph associated
to Jg(x) and let G be the collection of all maximal strongly connected subgraphs of
G. Then

(a) #Xp(z) = 280 if and only if there exist a (V*,£*) € G and a v € V* such that
#{ee€ & ri(e) =v} =2;

(b) #Xg(x) =Rq if and only if for each (V*,E*) € g:we have #{e € E* :i(e) =v}=1
for allv € V*, and there exists a (V**, ") € G such that V** N Sp(x) # 0;
(c) #Xs(x) < Ng if and only if for each (V*,E*) € G we have V* N Sg(x) = 0.

Proof. It suffices to prove the sufficiency parts.

(a) Suppose that there exist a (V*,£*) € G and a v € V* such that #{e € £* :
i(e) = v} = 2. Let e1, ez be distinct edges from £* both of which start at v. Let
ay -+ - a be a path on (V*,£*) which connects the vertices t(e;) and v. Let by - - - by
be a path on (V*,£*) which connects the vertices t(ez) and v. Then

(eray - ax)™, (eaby - be)™ € T (v). (2.1)

Set a = ejay ---ap and b = eyby - - - by. Thus {a, b} C II7!(v) which implies that
#35(v) = 2% and so #Xg(z) = 2%,

(b) Let v € V**NSs(z). Let both edges ey and ey start at v such that t(e;) € V**
and t(ez) ¢ V**. Denote eqay - - - ag is a cycle on (V**, %), i.e. t(ag) = v. f #V** =
1, then this cycle is just e; with i(e;) = t(e1) = v. Then for any (§;) € I (t(e2))

I (v) D {(erar---ax)fes x (6;) : £ € N},
which implies that #1171 (v) > Rg and so #X3(z) > No.

Denote 7 = E\U - goyeg €7 Now for a (4;) € Xg(x), By the assumption we
know that each edge from 7 may appear in (J;) at most one time, and that when
edges e1, ey from some £* appear in (J;), say 0 = e1 and Oxye = es, then the
block d -+ Og4e is a path in (V*,£*) and is uniquely determined by ej, es and .
Therefore #X5(x) < Ro.

(¢) From the assumption it follows that any infinite path surely goes in some
subgraph and then never goes out. Thus Xg(x) is just a finite set. |

From the proof of Theorem 2.3(a) we have the following corollary even without
the finiteness of Jg(z).

Corollary 2.4. If there exist a,b € Ukzl{O: 1,..., Lm}k such that i(a) # i(b) and
M(a*) = I(b%®) = v € Js(x), then #%5(z) = 2%.

3. Proof of Theorem 1.1 and Examples

In this section we give the proof of Theorem 1.1 and some examples.
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Proof of Theorem 1.1. First we have that dimy ¥g(z) = limy, .o %logw_|r1 #
Y3.n(z) by Proposition 2.2.

(i) = (ii) By Theorem 2.3(a) one can choose H = (V*,£*) € G with #{e € £*:
i(e) = v} = 2 for some v € V*. Thus its incidence matrix Ay has spectral radius
An > 1. Hence dimpy ¥g(x) > 0 by Proposition 2.2.

(ii) = (iii) For this case one has #X3(x) = 2% and so by Theorem 2.3(a) one
can obtain a v € Jg(z) and b,c € J,,5,{0,1,..., [3]}" with i(b) # i(c) such that
b>, ¢ € 1171 (v) (see (2.1)), which implies (iii).

(iii) = (iv) Denote (o) = ab™ = §1 ...k (dk41 ... 0k4¢)>. Let (d;) = ab™> —
acb®™. Here (v;) — (¢;) means that (y; —¢;). Then min{i : d; # 0} = k + 1 and
(d;) € Z" is an eventually periodic sequence. By letting g(y) = > i~ d;y® one
has

(B =0 and (a;—di)Z, = ach™ € {0,1,..., |3]}",
where the first equality is obtained by the fact that ab>,acb™> € X3(z).

(iv) = (i) We have

(Oéi — di);’;l(§k+1 . (5k+g)oc =01... 5k'yl .. .Wm,k(§k+1 R (5k+g)oc S Eg(x).
Thus 61 ...0k(71 - Ym—k)™ € Xg(x) with y1 # Ok41. Let u = 41 ... 0ppe and
V =71 Ym—k. Thus #X5(x) = 2% since

Sp(@) 2 {01 0k)(50)2y + (50)2y € {u, v} O

From the proof of Theorem 1.1 we have the following corollary even without the
finiteness of Jg(x).

Corollary 3.1. We have #X5(z) = 2% if either (iii) or (iv) in Theorem 1.1 holds.
In the following we give several examples.

Example 3.2. Let 3 ~ 1.68042 be the positive root of equation y> — y* — 3% —y +
1 = 0. Then 3 is not Pisot, since y°> — y* — y> —y + 1 is the minimal polynomial of
{3 and has a root in (—oo, —1). One can check that

Js() ={1,6-1,82 -3, - 3> -1,8* = - - 1,8> - 5 -1,
g - 52— 8,54 - 3 - 8%}

and S5(1) = {5 —1}.
More exactly we have (recall that T ,(z) = fz—k, k € {0,1,..., 5]} = {0,1})

l=w 2oy =51, B—1=uy 2%y =2 -3,
B Bmug Doy =@ o1, B lmuy ey =pio @ g1,
L Ny B R X Sy iy S Bol=v Zlug =g — g1,
BB l=uvg P8 =328, B3 —B=uvr 28 g =Bt — G — B2,

T,
Br— 33— B2, =vs 20w =51
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w=1 sl w=p1 s v=p-p
1 |
Y Y
v, =f - B-1 vi=F -fF -1
1
0 0 0 1
b h
v, =f-f -p v =f -~ p-1

=B —F - F

Fig. 1. The graph G associated to jﬁ(l). G = {(V1,€7), (V5,E5)} with Vi = {v4,v5} and V5 =
{v2,v6,v7,v8}, V3 N Sz(1) # 0.

By Theorem 2.3(b) we have #X3(1) = Rg. The graph G is illustrated in Fig. 1.

Example 3.3. Let « € N and ¢ € {1,...,k}. Let § € (k,k + 1) be the positive
root of the equation y* — rky3 — ey? — y + € = 0. Then #35(1) = 2%0,

Proof. We first like to point out that there exists 5 € (k, x + 1) such that

1
B — kB> —€B? — f+€e=0, or equivalently 1 — R €

=0.  (3.1)
In fact, by letting f(y) = y* — ky® — ey? — y + € it has that both f(k) < 0 and
f(k+1)>0hold for all e € {1,...,x}. One can check that

(1—wy —ey® =y’ +ey)

y3j =1—- Za7yj with (O[J)?Czl = K(EO(’% - 6))00
j=1

>

<
Il
o

From (3.1) it follows that ()52, = k(e0(k — €))> € X5(1). Now let

oo

9w) = —y°) (1 —ry— ey’ — > +ey') Y y¥
=0

o0 oo
=@ =) | 1=D gy’ | = diy.
J=1 i—1

Then g(y) is a (5, 2)-type function and («; — d;)52, = k(e — 1)kre(k — €+ 1)00(k —
€)(e0(k — €))°. It follows from Theorem 1.1(iv) (or Corollary 3.1) that #Xz(1) =
2%o, O
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_ 50 1 1 I I P e

5= +F A" Ul s ol s s - gty ; Sy R U Rk A
1} I et [ 1f

vi=j’1+(ﬁ1—n“ gvsilgﬁ(ﬁ%n*‘ gv::j;ﬁl(ﬁ“l)’ L%iﬂ;ﬁ"(ﬁ”-ﬂ' 10, vgiﬁ;:rﬁ‘(ﬁ“—l)" L] aoﬁjﬂww

Fig. 2. The graph G associated to Jg(x). G = V5, €5), V5, E5)}) with Vi = {v3,v4} and V] =
{v1,v5,v6,v7,v8,v9,v10,v11}, V5 N Sp(x) #0, x =572 4 (8% — B)~ 1.

Example 3.4. If the greedy and lazy [-expansions of 1 are e;...eg; and
(e1...ex—1(er — 1)), respectively, then #X35(1) = No.

Proof. By the assumption we have Y5.(1) = {(&)k : (&) € U Y1)} =
{e1...€k,e1...€k—1(ex — 1)}. Thus we have

Ts,e, T3,cqo T34 Tp,e,, Ts.0 Tp,ep—1
l=vy — vy —v3--+ — vy — Vpy1 =0—"vpy; and vy —> wvg.
Therefore, #X3(1) = Ry by Theorem 2.3(b). O

Example 3.5. Let 8 ~ 1.65462 be the positive root of 3 — 2y* — 3 — 1 = 0.
Then f3 is not Pisot, since y% — 2y* — 3> — 1 is the minimal polynomial of 3 and
y ~ —1.26493 is also a root. Let & = 372+ (4°—B)~*. The sets Jg(z) = {v;};2, and
Sp(x) = {vi,vs} are illustrated in Fig. 2. Then #X3(z) = X by Theorem 2.3(b).
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